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We consider the non-condensate density and density fluctuations of a trapped dipolar Bose-Einstein conden-
sate, focusing on the regime where a roton-like excitation spectrum develops. Our results show that a character-
istic peak in the non-condensate density occurs at trap center due to the rotons. In this regime we also find that
the anomalous density becomes positive and peaked, giving rise to enhanced density fluctuations. We calculate
the non-condensate density in momentum space and show that a small momentum halo is associated with the
roton excitations.
PACS numbers: 67.85-d, 67.85.Bc
I. INTRODUCTION
Bose-Einstein condensates (BECs) have been produced
with highly magnetic atoms [1–3] in which the constituent
particles interact with a long ranged and anisotropic dipole-
dipole interaction (DDI). By virtue of this interaction, these
systems are expected to open up a rich array of new physics to
explore using ultra-cold gases [4]. In particular an important
prediction, which has yet to be verified in experiments, is that
a rotonic-like excitation spectrum will develop when a con-
densate is tightly confined along the direction that the dipoles
are polarized [5]. There has been a number of recent theo-
retical studies proposing schemes to detect rotons and charac-
terize their effects on the properties of dipolar BECs (e.g. see
[6–15]). Experimentally, rotons will likely be realized in pan-
cake shaped traps (or an array of pancake traps, e.g. see [16]),
and the trap itself plays a very fundamental role in the nature
of the rotons that emerge [6]. In particular the rotons are sen-
sitive to the condensate density, which decreases away from
trap center due to the weak radial trapping. As a result the ro-
tons are effectively confined to the central region of the con-
densate, realizing what has been termed a confined roton gas
[17].
In this paper we consider a pancake dipolar BEC in the
regime where rotons develop. We report on the behavior of a
number of key quantities that characterize the system, includ-
ing the non-condensate density and density fluctuations. We
show that the non-condensate density has a prominent peak at
the trap center when the excitation spectrum has a roton fea-
ture, which we refer to as the roton peak. We verify that this
peak is due to the excitations in the neighborhood of the ro-
ton minimum. We also find that the anomalous density, which
is normally negative for repulsive interactions, turns positive
in the roton regime, signaling enhanced density fluctuations.
Indeed, we show that the relative size of the density fluctu-
ations can be a significant fraction of the total density even
at low temperatures, where the condensate depletion is still
small. Our fully three-dimensional (3D) calculations are per-
formed within the framework of a Bogoliubov treatment of
the excitations, and our results show that the rotons have an
essential 3D character. Our work will hence provide a use-
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ful benchmark for calculations made within the quasi-two-
dimensional (quasi-2D) approximation, where motion is as-
sumed frozen out in the tightly confined direction (also see
[18, 19]). We note that other work in this area has focused on
close-to-spherical traps [20–22] or has been in the quasi-2D
regime [23–25].
II. MEANFIELD FORMALISM
Here we briefly review the meanfield theory of a dipolar
BEC and refer to Ref. [26] for a more detailed discussion.
Within a meanfield approach, valid for weakly interacting
condensates, the field operator takes the form
Ψˆ(x) ≈ ψ0(x) + δˆ(x). (1)
A. Gross-Pitaevskii equation
In Eq. (1) ψ0 is the condensate wavefunction (normalized
to the condensate number N0), which satisfies the non-local
dipolar Gross-Pitaevskii equation (GPE) [27]
µψ0 =
[
−~
2∇2
2m
+V (x)+
∫
dx′U(x−x′)|ψ0(x′)|2
]
ψ0,
(2)
≡ LGPψ0, (3)
where µ is the chemical potential. For dipoles polarized
along z the inter-atomic interaction potential is of the form
U(r) = gδ(r) + Udd(r), where the short range interaction is
characterized by the contact parameter g = 4pias~2/m, with
as being the s-wave scattering length. The DDI potential is
Udd(r) =
3gdd
4pi
1− 3 cos2 θ
|r|3 , (4)
where gdd = µ0µ2m/3, with µm being the magnetic dipole
moment, and θ is the angle between r and the z axis. The
atoms are taken to be harmonically confined by the potential
V (x) =
1
2
mω2ρ(ρ
2 + λ2z2), (5)
with λ = ωz/ωρ being the aspect ratio.
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2B. Bogoliubov quasiparticles
The fluctuation operator is expanded as
δˆ(x) =
∑
i
[
ui(x)αˆi − v∗i (x)αˆ†i
]
, (6)
where {uj , vj} are the quasiparticle modes, with respective
energies j , and αˆj are the bosonic quasiparticle mode oper-
ators. These quasiparticles are the elementary linearized ex-
citations of the condensate and are obtained by solving the
Bogoliubov-de Gennes (BdG) equations
L
(
ui
vi
)
= i
(
ui
vi
)
, (7)
where
L =
( LGP − µ+X −X
X −(LGP − µ+X)
)
, (8)
with the exchange operator X defined by
Xf ≡ ψ0(x)
∫
dx′U(x− x′)f(x′)ψ∗0(x′). (9)
To quadratic order the quasiparticle basis diagonalizes the
many-body Hamiltonian with 〈αˆ†i αˆj〉 = δij n¯j in thermal
equilibrium, where n¯j =
(
eβj − 1)−1 and β = 1/kBT is
the inverse temperature.
C. Parameter Regime and Numerical methods
In the results that follow we adopt harmonic oscillator
units defined by the radial trap frequency, in particular aρ =√
~/mωρ as the unit of length. We follow Ref. [26] and intro-
duce C = Nas/aρ and D = 3Ngddm/4pi~2aρ as the dimen-
sionless contact interaction and DDI parameters, respectively.
In this paper we focus on the case λ = 20 and values of
D ≤ 320. We can put these parameters into the context of cur-
rent experiments: The important case we consider ofD = 220
would correspond to about 25×103 164Dy atoms in a trap with
ωρ = 2pi × 11 s−1. For this case the maximum temperature
we consider of T = 10~ωρ/kB corresponds to 5.3 nK, which
is about 14% of the condensation temperature Tc. We have
checked that qualitatively similar results to those presented in
this paper are obtained for λ = 40, and we expect our results
to capture the behavior of weakly interacting dipolar conden-
sates with λ & 10 (also see [18, 28]).
Our numerical algorithm closely follows the cylindrical
method presented by Ronen et al. [26]. We employ the cylin-
drically cutoff DDI, as described in [7], to improve the accu-
racy of our numerics in the pancake geometry. We also ensure
our quasi-particles are orthogonal to the condensate (see [9]).
It is important to have suitably dense spatial grids to ensure
that the short wavelength rotons are well represented, and we
use cylindrical grids with 650 points radially over the range
ρ/aρ = [0, 26], and 50 points along the positive z axis with
range z/aρ = [0, 2.46]. The results we present here are typ-
ically calculated using the lowest ∼ 30 × 103 quasi-particle
modes, including all modes with energies up to 120~ωρ.
III. RESULTS
A. Non-condensate density
The non-condensate density, given by
n˜(x) ≡ 〈δˆ†δˆ〉 =
∑
j
[
n¯j |uj(x)|2 + (n¯j+1)|vj(x)|2
]
, (10)
characterizes the atoms excited out of the condensate due to
interactions and thermal effects. In Figs. 1(a1) and (b1) we
show the non-condensate density for systems in a pancake
shaped trap at a small, but non-zero temperature. The re-
sult in Fig. 1(a1) is for a condensate with only dipole inter-
actions (i.e. D = 220, C = 0), while Fig. 1(b1) is for a
contact interaction only case (i.e. D = 0, C = 127). The
values of the interaction parameters were chosen to ensure
than both cases had approximately the same chemical poten-
tial (µ ≈ 37.5~ωρ), which leads to the condensate modes be-
ing quite similar [e.g. see condensate density contours shown
in the insets to Figs. 1(a1) and (b1)]. The value D = 220 is
sufficiently large to reveal the effects of DDIs on the system,
yet is still well in the stable region (about 10% below the crit-
ical value at which the system becomes dynamically unstable
[15]). Indeed, for these parameters the system gas exhibits
a roton like feature in its excitation spectrum [see Fig. 1(a2),
and description below], and associated with this is a promi-
nent peak in the non-condensate density near the trap center
[see Fig. 1(a1)], which we refer to as the roton peak. This ro-
ton peak in n˜ is absent in the contact only case, which instead
has a local minimum (along the x-axis) at the trap center [see
Fig. 1(b1)]. It is also important to take note that the roton peak
exhibits a greater z-extent than the parts of n˜ away from the
trap center. This indicates that the excitations responsible for
the roton peak have some important 3D character and would
not be accurately captured in the quasi-2D treatment in which
the z-motion is essentially frozen out (also see [19]). This
reaffirms the necessity of the full 3D numerical solution we
provide here.
To quantify the nature of excitations in the trapped system
we follow the procedure introduced in [10] to approximately
map the excitations to a dispersion relation. In this procedure
each quasiparticle is assigned a momentum according to
〈kρ〉j ≡
√∫
dk k2ρ [|u¯j(k)|2 + |v¯j(k)|2]∫
dk [|u¯j(k)|2 + |v¯j(k)|2] , (11)
where u¯j(k) = F [uj(x)], v¯j(k) = F [vj(x)] are the quasipar-
ticle amplitudes in momentum space, with F representing the
Fourier transform. The result of this analysis for the purely
dipolar case [see Fig. 1(a2)] reveals a clear flattening in the
dispersion relation for 2/aρ . 〈kρ〉j . 5/aρ, as well as some
particular modes dropping down. The upper branch of ex-
citations (j ≥ 20~ωρ) in this figure corresponds to modes
that are excited in the tightly confined z-direction. For the
contact interaction case [see Fig. 1(b2)] a strong phonon-like
(linear) dispersion is apparent, with no roton-like softening in
the 〈kρ〉j range where it occurs for the dipolar case.
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FIG. 1. (color online) The non-condensate density in the y = 0 plane for a system with (a1) dipolar interactions D = 220 (C = 0) and
(b1) contact interactions C = 127 (D = 0). Insets show the the same data in the main subplot as a false color image with white contours
added to show the condensate density in each case [also see Fig. 3(a) and (b) for the condensate density along the x axis for (a1) and (b1),
respectively]. The spectrum of excitations mapped to a dispersion for the (a2) dipolar case and (b2) contact case, only showing modes with
angular momentum projection |m| ≤ 2. The dashed line in (b2) is a visual guide to indicate that the excitation energies increase approximately
linearly with radial momentum. (c) n˜in and (d) n˜out (see text) for the case shown in (a1), with the energy and kρ range of modes used to
construct these shown by the dashed box in (a2). Other parameters λ = 20 and T = 10 ~ωρ/kB .
To verify the relationship between the roton-like part of the
spectrum and the roton peak in the non-condensate density we
define n˜in as the non-condensate density calculated accord-
ing to Eq. (10) but with the summation over modes restricted
to those satisfying 〈kρ〉j ∈ [2/aρ, 5/aρ] and j < 10~ωρ.
The boundaries of this region are indicated by the dashed box
in Fig. 1(a2), and were selected to include the modes where
the roton-like softening is observed. We define n˜out to be
the non-condensate density arising from all other modes, such
that n˜ = n˜in + n˜out. In Fig. 1(c) we show n˜in for the dipolar
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FIG. 2. (color online) Development of a roton peak in the non-condensate as the dipole interaction increases for T = 10 ~ωρ/kB . Non-
condensate density in the y = 0 plane for (a1) D = 80, (b1) D = 140, (c1) D = 200, with respective mapped dispersions in (a2)-(c2). Insets
show the non-condensate density with white lines indicating contours of the condensate density. Note: C = 0 in all these results.
case, verifying that the roton peak arises from modes in the
roton region. Furthermore, n˜out, shown in Fig. 1(d), is very
similar to the contact case [c.f. Fig. 1(b1)], since the character
of long wavelength excitations (i.e. those with 〈kρ〉j < 2/aρ)
for the two cases [compare Figs. 1(a2) and (b2)] are similar.
The localized nature of the roton-like excitations for a pan-
cake shaped dipolar BEC was revealed in previous numeri-
cal studies that examined individual excitations [6, 14]. More
recently, Jona-Lasinio et al. [17] have proposed the idea of
a confined roton gas based on a local density analysis of a
trapped dipolar condensate. Their analysis shows that the sen-
sitivity of the roton excitations to the condensate density ef-
fectively confines these excitations to a small region near the
trap center, explaining the roton peak in n˜ we observe.
In Fig. 2 we show how the density peak in n˜ develops for
several values of the dipolar interaction strength. The peak is
absent for low interaction strengths, where the excitation spec-
trum is monotonically increasing with 〈kρ〉 [Fig. 2(a1), (a2)].
The peak first appears at D ≈ 140 [see Fig. 2(b1)] which
is also when the excitation spectrum flattens to a horizontal
5plateau [i.e. at 〈kρ〉 ∼ 2.5/aρ in Fig. 2(b2)] and becomes
more prominent at larger interaction strengths [Fig. 2(c1),
(c2)].
B. Anomalous density and fluctuations
The anomalous density [29], which characterizes pairing
correlations in the thermal component of the field, is given by
m˜(x) ≡ 〈δˆδˆ〉 = −
∑
j
(2n¯j + 1)uj(x)v
∗
j (x). (12)
Because pairing is strongly influenced by the nature of the
interactions (i.e. attractive versus repulsive interactions) it is
useful to compare the anomalous density between dipolar and
contact condensates which we do in Fig. 3(a) and (b). The
parameters of this comparison are the same as those used
in Figs. 1(a1) and (b1). For the contact case [Fig. 3(b)] the
anomalous density exhibits behavior seen in other studies of
a trapped condensate with repulsive contact interactions (see
[30] and references therein); notably m˜ is negative in the re-
gion where the condensate density is significant. For the dipo-
lar condensate [Fig. 3(a)] the anomalous density is similar to
the contact case near the condensate surface (|x| & 4aρ), but
has strikingly different behavior near the trap center, where it
turns positive and forms a peak.
The anomalous density manifests itself in the density fluc-
tuations of the system. These can be characterized by the sec-
ond order correlation function [31]
G(2)(x) = 〈Ψˆ†(x)Ψˆ†(x)Ψˆ(x)Ψˆ(x)〉, (13)
= n2c + 4ncn˜+ 2ncm˜+ 2n˜
2 + m˜2, (14)
≈ n2
[
1 +
2(n˜+ m˜)
nc
]
, (15)
where nc = |ψ0|2 is the condensate density and n = nc+ n˜ is
the total density. Result (14) is obtained using Wick’s theorem
[29, 32] (also see [33] and [34]). Expression (15) is accurate
to first order in n˜/nc and m˜/nc and shows how the density
fluctuations are sensitive to the sum of the non-condensate and
anomalous densities. We also show n˜ + m˜ in Figs. 3(a) and
(b). For the contact gas this quantity is less than zero, which
shows the suppression of density fluctuations, except near the
surface where n˜ & nc. In contrast, for the dipolar condensate
n˜+ m˜ is positive and peaked at the trap center.
To put the relative scale of the density fluctuations into con-
text, it is convenient to define the fluctuation density as the
root-mean-square of the density fluctuations, i.e.
nF (x) =
√
G(2)(x)− n(x)2. (16)
In Figs. 3(c) and (d) we examine nF (x) for the dipolar gas as
a function of the DDI parameter and temperature. In Fig. 3(c)
the total density at the trap center decreases with increasing
D; i.e. the total density decreases from n(0) = 783 a−3ρ at
D = 120, to n(0) = 568 a−3ρ at D = 220. Over this same
range of D values the central fluctuation density increases
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FIG. 3. (color online) Comparison between densities of (a) a purely
dipolar condensate withD = 220 and (b) a purely contact interaction
condensate with C = 127. Figures show the (blue dashed) normal
density n˜, (red dash dot) anomalous density m˜, (green solid) n˜+ m˜,
and (grey solid) the scaled condensate density, all evaluated along
the x axis. (c) Shows the development of the fluctuation density
nF (see text) with dipolar strength for a purely dipolar condensate
(D = 120 toD = 220 in steps of ∆D = 20). The dashed line shows
the real part of nF for the purely contact case of C = 127. These
results are at T = 10~ωρ/kB . (d) Shows the development of the
fluctuation density (see text) with temperature for the purely dipolar
condensate with D = 220 (T = 0 to T = 10~ωρ/kB in steps of
∆T = 2~ωρ/kB). Other parameters λ = 20 and N0 = 25× 103.
from nF (0) = 125 a−3ρ to nF (0) = 231 a
−3
ρ . For the pur-
poses of comparison, in Fig. 3(c) we also show the real part
[35] of nF for the contact case. In this case the fluctuation
density is only non-zero near the surface of the condensate.
To leading order in n˜ and m˜ the fluctuation density is given
by nF ≈
√
2nc(n˜+ m˜).
C. Interplay of contact and dipole interactions
In general a dipolar condensate will have non-zero contact
and dipolar interactions. Here we briefly consider how contact
interactions modify our predictions. In Fig. 4(b1) we show the
non-condensate and anomalous density for a dipolar conden-
sate with C = 10 and D = 220. These results compared
to those in Fig. 3(a), which were for the purely dipolar case
of D = 220, reveal that the added contact interaction causes
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FIG. 4. (color online) (a) Stability phase diagram in interaction pa-
rameter space for atoms in a λ = 20 trap. The shaded region indi-
cates where a stable solution exists. Dashed line indicates the case
of purely dipolar interactions (C = 0) which were primarily consid-
ered earlier in the paper, with the particular case of C = 0, D = 220
indicates by a filled circle. The squares indicate two sets of param-
eters with non-zero contact interaction that we examine. The square
labeled (b) is C = 10, D = 220 with results given in (b1) and (b2).
The square labeled (c) is C = 10, D = 320 with results given in
(c1) and (c2). (b1,c1) the (blue dashed) normal density n˜, (red dash
dot) anomalous density m˜, (green solid) n˜+ m˜, and (grey solid) the
scaled condensate density, all evaluated along the x axis. (b2,c2) The
mapped dispersions. Other parameters λ = 20, N0 = 25× 103, and
T = 10~ωρ/kB .
the roton density peak to be suppressed, and the anomalous
density to be everywhere negative. Examining the mapped
dispersion relation [Fig. 4(b2)] we see that for this case the
spectrum no longer has a roton minimum [c.f. Fig. 1(a2) for
the purely dipolar case]. This occurs because increasing the
contact interaction stabilizes the system, i.e. moves the sys-
tem further from the stability boundary. To illustrate this we
have shown the stability phase diagram for the λ = 20 trap in
Fig. 4(a). By increasing the dipole strength and approaching
the stability boundary, the roton re-emerges in the spectrum
and the density peak becomes apparent at the trap center [see
Figs. 4(c1), (c2)]. We note that in experiments it is usually
convenient to tune the contact interaction via a Feshbach res-
onance to explore the stability of dipolar condensates (e.g., see
[36]).
D. Momentum space density and depletion
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FIG. 5. (color online) (a) Non-condensate density in momentum
space for a dipolar condensate with D = 220 (C = 0) (blue lines)
and a contact interaction condensate with C = 127 (D = 0) (red
dashed line). Inset: effective 2D interaction obtained using the con-
densate profile U˜2D and analytically using a Gaussian profile U˜A2D
(see Appendix for details). (b) Total depletion as a function of the
temperature for the contact and dipolar systems considered in (a).
Other parameters as in Fig. 1.
Because the rotons develop in a specific momentum range
[see Fig. 1(a2)] it is interesting to consider how they mani-
fest in the momentum space density of the non-condensate.
Indeed, Mazets et al. [37] considered the momentum distribu-
tion in a quasi-1D (cigar shaped) system with laser induced
DDIs. Their results showed that the presence of a roton mini-
mum in the excitation spectrum was revealed by a local peak
in the non-condensate momentum distribution at a momentum
corresponding to the roton. Similarly, Jona-Lasinio et al. [17]
have shown using time dependent GPE simulations that a halo
in momentum space can develop for a pancake dipolar BEC
(e.g. by quenching interactions).
Here we examine the non-condensate density in momentum
space, which is given by
n˜(k) =
∑
j
[
n¯j |u¯j(k)|2 + (n¯j+1)|v¯j(k)|2
]
. (17)
7In Fig. 5(a) we compare n˜(k) for dipolar and contact cases at
T = 0 and T = 5 ~ωρ/kB .
The T = 0 results reveal the momentum distribution of the
quantum depletion (i.e. atoms excited out of the condensate
due to interactions). A feature of note is the strong suppres-
sion of n˜(k) for the dipolar case for momenta near kx ∼ 3/aρ.
This can be understood by considering the momentum depen-
dence of the interaction [see inset to Fig. 5(a) and Appendix].
This shows that the interaction crosses over from being pos-
itive (repulsive) for kρ . 3/aρ to attractive at kρ & 3/aρ.
Thus for kρ ∼ 3/aρ the interaction is effectively zero, ex-
plaining why few atoms are depleted at this momentum. The
contact interaction gas does not have this suppression and as
a result at T = 0 the total depletion, N˜ =
∫
dx n˜(x), is larger
[see Fig. 5(b)]. The local maximum that occurs at kx ∼ 5/aρ
[38] is associated with the same roton modes that gave rise to
the roton peak in the position space non-condensate density
(also see [17]).
As temperature increases the softer spectrum of the dipolar
condensate becomes thermally activated more rapidly than the
contact case, particularly in the vicinity of the roton [e.g. see
the T = 5~ωρ/kB result in Fig. 5(a)]. Indeed, at all tempera-
tures we have considered (up to 10 ~ωρ/kB) we observe a lo-
cal maximum in the momentum density at the roton wavevec-
tor.
IV. CONCLUSION AND OUTLOOK
In this paper we have explored the behavior of key quan-
tities for a trapped dipolar gas: the non-condensate density,
in both position and momentum space, and the anomalous
density. To our knowledge this is the first time these quan-
tities have been reported for this system and compared to the
better understood case of a condensate with contact interac-
tions. The concept of a roton gas forming in the central re-
gion of a pancake dipolar condensate was recently proposed
in Ref. [17] based on a local density analysis in a quasi-2D
approximation. Our results support this concept with general
calculations that reveal an intrinsic 3D character to the ro-
tons, and demonstrate the effect of temperature. Importantly
we show that the roton gas emerges as a peak in the non-
condensate at trap center, and that in this region the anoma-
lous density is positive leading to large density fluctuations.
In momentum space the non-condensate density reveals the
presence of rotons as a halo with radius set by the roton mo-
mentum.
Here we have restricted our results to low temperatures
because we have not included the back-action of the non-
condensate on itself or the condensate. For our results with
D = 220 and T = 10~ωρ/kB (∼ 0.13Tc) the density fluctua-
tions are observed to be significant, suggesting that this back-
action may already be important. We note that several recent
finite temperature studies have been performed using Hartree-
Fock [39] and Hartree-Fock Bogoliubov [20, 23] approaches
in which the non-condensate is obtained self-consistently with
the condensate. However, all of these calculations have been
made employing a Popov approximation [40] in which the
anomalous density is neglected. Our results show that the
anomalous density significantly enhances density fluctuations,
putting into question the appropriateness of the Popov approx-
imation for the dipolar gas. We also note a recent discussion
of the validity of Bogoliubov theory for the uniform dipolar
system [41]. Alternatively, a promising direction for the de-
velopment of a suitable theory for warm dipolar BECs may
be provided by classical field approaches [42, 43]. These
approaches naturally include the anomalous density (e.g. see
[30]) and should be valid when density fluctuations are large.
Rotons have yet to be observed in experiments with dipo-
lar condensates and there remains great interest in develop-
ing robust signatures to aid in identifying them. Our results
show that density fluctuations provide a clear signature of the
presence of rotons. We emphasize that experimental measure-
ments of density fluctuations are always performed using fi-
nite size cells (e.g. due to optical resolution limits), and the
length scale of the cells plays a fundamental role in such mea-
surements, as discussed in Ref. [15].
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Appendix A: Effective 2D interaction in k-space
We obtain the 2D (in-plane) DDI in k-space as
U˜2D(kρ) =
∫
dkz
2pi
U˜dd(kρ, kz)λ˜0(kz)
2, (A1)
where kρ =
√
k2x + k
2
y , λ˜0(kz) is the Fourier transform of the
normalized z-profile of the condensate at x = y = 0, i.e.
λ0(z) =
|ψ0(0, z)|2∫
dz′|ψ0(0, z′)|2 (A2)
and
U˜dd(kρ, kz) = gdd
(
3
k2z
k2ρ
− 1
)
, (A3)
is the Fourier transform of Udd. Note that in the limit of van-
ishing interactions, where the z shape of the condensate is a
Gaussian (independent of ρ), U˜2D(kρ) reduces to the analytic
result
U˜A2D(kρ) =
gdd√
2piaz
F⊥
(
1√
2
kρaz
)
, (A4)
where F⊥(Q) = 2−3
√
piQeQ
2
erfc (Q), with az =
√
~/mωz
the z confinement length. Our results in the inset to Fig. 5(a),
show that U˜A2D is a poor approximation for D = 220, demon-
strating that the quasi-2D approximation is invalid in this
regime.
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